
2412 Macromolecules 1989,22, 2412-2419 

(13) Aniansson, E. A. G.; Wall, S. N.; Almgren, M.; Hoffman, H.; 
Kielmann, I.; Ulbricht, W.; Zana, R.; Lang, J.; Tondre, C. J.  
Phys. Chem. 1976,80, 905. 

(14) Kahlweit, M. J. Colloid Interface Sci. 1982, 90, 92. 
(15) Witten, T. A.; Pincus, P. A. Macromolecules 1986,19, 2509. 
(16) Halperin, A.; Alexander, S. Europhys. Lett .  1988, 6 ,  329. 
(17) Halperin, A. Europhys. Lett . ,  in press. 
(18) Semenov, A. N. Sou. Phys.-JETP (Engl. Transl.) 1985, 61, 

733. 
(19) Daoud, M.; Cotton, J. P. J .  Phys. (Les Ulis, Fr.) 1982,43, 531. 
(20) Alexander, S. J .  Phys. (Les Ulis, Fr.) 1977, 38, 983. 
(21) de Gennes, P.-G. Macromolecules 1980, 13, 1069. 
(22) (a) Milner, S. T.; Witten, T. A,; Cates, M. Europhys. Lett .  

1988,5, 413. (b) Milner, S. T.; Witten, T. A.; Cates, M. Mac- 
romolecules 1988, 21, 2610. 

(23) Leibler, M.; Pincus, P. A. Macromolecules 1984, 17, 2922. 
(24) Glasstone, S.; Laidler, K. J.; Eying, H. The Theory of Rate 

Processes; McGraw-Hill: New York, 1941. 
(25) (a) Kramers, H. A. Physica (Amsterdam) 1940, 7, 284. (b) 

Chandrasekhar, S. Rev. Mod. Phys. 1943,15, 1. 
(26) For recent reviews, see: (a) Nitzan, A. Adv. Chem. Phys. 1988, 

70, 489. (b) Hanggi, P. J.  Stat.  Phys. 1986, 42, 105. 
(27) (a) Brochard, F.; de Gennes, P.-G. Macromolecules 1977,10, 

1157. (b) Brochard, F. J.  Phys. (Les Ulis, Fr.) 1983, 44, 39. 
(28) de Gennes, P.-G. Scaling Concepts in Polymer Physics; Cor- 

ne11 University Press: Ithaca, NY, 1979. 
(29) Doi, M.; Edwards, S. F. The Theory of Polymer Dynamics; 

Oxford University Press: New York, 1986. 
(30) In ref 16, the blobs were considered to be free draining. 
(31) Kremer, K. J .  Phys. (Les Ulis, Fr.) 1983, 47, 1269. 

Flexible Polymer with Excluded Volume at  an Interacting 
Penetrable Surface of Variable Dimension: A Multiple-e 
Perturbation Theory 

Jack F. Douglas* 
Polymers Division, National Bureau o f  Standards, Gaithersburg, Maryland 20899 

Marios K .  Kosmas 
Chemistry Department,  University of Ioannina, Ioannina, Greece. Received April 1, 1988 

ABSTRACT: Application of the renormalization group method to the perturbative treatment of surface 
interacting polymers with excluded volume currently requires the surface dimension to be fixed. A multiple-c 
perturbation expansion method is proposed to circumvent this technical restriction. There are numerous 
potential applications of multiple-c perturbation theory (e.g., combined treatment of binary and ternary excluded 
volume interactions) which can be pursued once the internal consistency of the method is demonstrated in 
higher order calculations. The surface interaction model provides a good starting point for studying the multiple-c 
method because of the relative simplicity of the perturbative calculations that provide the input into the 
multiple-c renormalization group calculations. Another convenient aspect of the model is that the consistency 
of the multiple-c method can be checked against accurate results for the limits of each interaction (surface 
and excluded volume) alone and the combined interactions for the special case of a two-dimensional surface. 

1. Introduction 
The theoretical description of isolated polymers in the 

presence of an interacting boundary has been considered 
by using both lattice random walk and continuum Gaus- 
sian chain models. Rubin’ and Hammersley2 studied 
random walks interacting with surfaces of varying di- 
mension d,, (point, d,, = 0; line, d,, = 1; etc.) and calculated 
many of the important configurational properties of ideal 
polymers with no polymer-polymer interactions. There 
are complementary studies for the continuum model for- 
mulation of surface (d,, = 2) interacting Gaussian chains 
a t  an impenetrable ~ u r f a c e , ~  and numerous calculations 
address the problem of surface interacting chains with 
excluded (see below). 

Recent calculations by Kosmas6 and Douglas et  al.7 
consider the problem of a surface interacting chain from 
the general perspective where the interacting surface is 
taken to have a continuously variable dimension. Initial 
calculations by Kosmas6 introduced the model and utilized 
a version of the renormalization group (RG) theory to 
calculate certain exponents characterizing the number of 
polymer configurations subject to the surface constraint. 
More recent calculations by Douglas et a1.7 give exac t  
calculations for many configurational properties over the 
full range (attractive and repulsive) of surface interactions, 
which they then compare with the corresponding scaling 
functions obtained using the approximate Cell-Mann-Low 
RG theory. Those calculations enable the unambiguous 
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estimation of e-expansion errors in the scaling functions 
order by order in e perturbation theory and are also useful 
for understanding the characteristic failure of the RG 
theory to describe polymers with attractive polymer- 
polymer or polymer-surface  interaction^.^ 

Both Kosmas6 and Douglas et al.7 have applied the RG 
schemes to treat the combined influence of polymer ex- 
cluded volume and surface interactions for the special case 
where the surface dimension is fixed at two dimensions so 
that the e-expansion method can be applied to both in- 
teractions. Kosmas’ calculation6 emphasizes the combined 
effect of surface and excluded volume interactions on the 
exponents that characterize the number of chain configu- 
rations, while the work of Douglas et  al.’ describes the 
effect of excluded volume on the scaling functions of 
configurational properties such as the end vector distance 
( R2) in relation to the properties calculated without ex- 
cluded volume. Of course, the combined treatment of 
polymer excluded volume and surface interactions neces- 
sarily becomes approximate once excluded volume is in- 
corporated into the theory and is then primarily restricted 
to repulsive polymer-polymer and polymer-surface in- 
teractions. 

Despite the extensive work that has been done on sur- 
face interacting chains, there are numerous important 
problems that remain. For example, the effect of surface 
proximitp of a particular chain to the surface, polymer 
confinement to a finite region with interacting boundaries? 
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and the effect of surface curvature on polymer dimensionss 
are effects that have only begun to be considered. 
Moreover, there are many issues involving the 
“connectedness” of the interacting surface, and there is the 
obvious problem of a polymer interacting with “fractal 
sets”-corresponding physically to randomly distributed 
solution impurities, diffuse interfaces between media, etc. 

The surface interaction model, where the surface is 
taken to have a variable dimension, provides many qual- 
i tat ive  insights7 into these remaining problems. Unfor- 
tunately, however, the available RG methods require the 
surface dimension to be f ixed when excluded volume is 
incorporated into the t h e ~ r y . ~ - ~  Calculations for impen- 
etrable  surface^^^^^^ generally take the surface dimension 
d , ,  equal to d - 1, where d is the dimension of space while, 
alternatively, the calculations of Kosmas6 and Douglas et 
al.7 with excluded volume fix the surface dimension as d, ,  
= 2. 

The main objective of the present work is to obtain a 
scheme for describing flexible surface interacting polymers 
with repulsive polymer-polymer and polymer-surface in- 
teractions where the surface dimension is not  f ixed.  The 
mathematical problem involved in this generalization is 
a fundamental one that arises frequently in calculations 
where there are multiple interactions. Characteristically, 
the various types of polymer interactions depend strongly 
on the segment density, which in turn depends on the 
dimension of space. Typically, there are “upper critical 
dimensions” for the different interactions above which it 
is no longer necessary to consider the effect of the given 
interaction in the long-chain limit. For example, the ex- 
cluded volume problem is well-knownlOJ1 to have the 
critical dimension of 4, which, of course, occurs because 
the chain density is so low above d = 4 that the repulsive 
excluded volume interactions can be reasonably treated 
as negligible. The theoretical treatment using the RG is 
straightforward when there is one interaction, as in the case 
of excluded volume, or even multiple interactions having 
the same critical dimension, as in the case of polymer 
excluded volume effects on hydrodynamic proper t ie~’~J~ 
or the multiple excluded volume interactions that arise in 
block copolymers and Several situations 
occur, however, in which the multiple interactions d o  not  
have the same critical dimension. This notoriously difficult 
problem arises in the area of polymer physics, for example, 
in the instance of a polymer with both binary and ternary 
excluded volume interactions since ternary interactions 
have a critical dimension of 3.17-19 Other examples are 
discussed in the Appendices and below. 

Despite the central importance of the description of the 
combined influence of binary and ternary interactions, all 
calculations to date are restricted to infinitesimal binary 
interaction (very near the Flory 0 point) and only ternary 
interactions are allowed to vary over a large range. Lawrie 
makes some valiant attemptsmYz1 to treat the general O ( n )  
field theoretic analogue of polymers with binary and ter- 
nary interactions in which t-expansions for both interac- 
tions are developed about 4 or, alternatively, 3 dimen- 
sions.20iz1 Although very interesting, these calculations do 
not unambiguously resolve the matter. OonoZ2 has intro- 
duced a theoretical framework, the “homotopy expansion”, 
which provides another promising approach to this general 
problem. 

The situation of multiple interactions having differing 
critical dimensions occurs frequently in polymer physics 
and many other areas of physics where there are multiple 
competing interactions. It is shown in previous work6v7 that 
for Gaussian chains interacting with a surface the critical 
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dimension is d ,  = 2 + d , , ,  which is coincident with the 
critical dimension of the excluded volume problem only  
when d, ,  is fixed as 2. Fixing d,,  = 2 enables the application 
of standard RG methods to the description of the com- 
bined effect of both interactions on polymer proper tie^.^^^ 
Formally, there are two critical dimensions in the problem 
when d # 2, and this problem is approached here by 
pursuing a double expansion in two t-parameters. This 
method has the virtue of reducing (by definition) to the 
€-expansion of each interaction alone, which is not the case 
if a single critical dimension is artificially used for both 
interactions.z0p21 Although no trouble is found in treating 
multiple interactions with multiple t’s to leading order, it 
is warned that there is no  proof of the consistency of the 
method to higher order in perturbation theory. At  present 
the method is presented only as a possible computational 
scheme for this very important class of problems. Kosmas 
and Douglas4 give a brief description of the multiple-t 
scheme for surface interacting polymers with excluded 
volume using the alternate reexponentiation RG method 
introduced by Kosmas.6 

2. Model 
The polymer is modeled by a continuous Gaussian chain 

specified by a position vector R ( x )  at a contour distance 
x along a chain of unit length N .  The chain is composed 
of n Kuhnian links of length 1, N = n l ,  and has a mean- 
square end-to-end distance of (R2)o,f = nlZ in the absence 
of interactions (a “free” chain). In the units of KBT, the 
unperturbed Hamiltonian is 

So = yz J1dx Idr(x)/dxlz 

r(x) = ( d / ( R 2 ) o , f ) 1 / 2 R ( x )  

Next, we add a pseudopotential (6 function) surface in- 
teraction in dimensionless 

?fs(polymer-surface) = z,” dx 6 [ r , ( x ) ] ( 2 ~ ) ~ J ~  (2.2) 

2,” = ( d / 2 ~ 1 ~ ) ~ 4 3 ~ ” n ~ ~ ~ ;  4,” = t,/2 (2.3) 

J1 
€1 = 2 - d ,  = (2 + dll) - d;  d,  + d,l = d (2.4) 

where the surface is an Euclidean hypersurface of di- 
mension d,, embedded in a space of dimension d, p,” is a 
surface interaction coupling constant, and 4,” is the 
crossover exponent for a Gaussian surface interacting 
chain. The position vectors R,  and R,, and their dimen- 
sionless counterparts 

rlj(~) = (d / (R2)o , J1”  R,,(x); 
r,(x) = ( d / ( R 2 ) o , 3 1 / 2  R , ( x )  (2.5) 

are the projections of R onto the d, ,  dimension surface and 
the “orthogonal” space of dimension d,. For concreteness 
the surface dimension d,, = 0, d,, = 1, etc., corresponds to 
a point, line, etc., and having variable d, ,  provides a con- 
venient way for describing the effect of surface dimension 
in a unified way. A crude description of an “irregular” 
(fractal) surface may be obtained by identifying d, ,  with 
the fractal dimension of the surface.7 

There are also polymer-polymer excluded volume in- 
teractions that should be considered. Here attention is 
confined to binary excluded volume interactionsz3 (the 
two-parameter model): 
?f (polymer-pol ymer) = 

( ~ z 0 / 2 ! ) ~ 1 d x ~ 1 d x ’  6[r(x) - r ( x ’ ) ] ( 2 ~ ) ~ / ~  (2.6) 
0 
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z20 = (d/2a12)d~2p20n~~; & = t/2; t = 4 - d 

where p2" is the excluded volume coupling constant. 

3. Perturbative Calculations and Review of 
Single-e Method 

Configurational properties calculated for the surface 
interacting polymer with excluded volume are described 
in previous work. Basically, the idea is to expand the full 
Hamiltonian in a formal Taylor series in z20 and zso to 
obtain 
exp(-7f//KBT) = 

exp(-7f0)[1 - 7fs - 7fz + O(7fs2,7f,7f2,7f22)] (3.1) 

Configurational averages for the series (3.1) can be solved 
exactly for zZo = 0 through infinite order, and results are 
given by Douglas et al.' The calculations of the double 
expansion in 7fs and 7f2, of course, are more difficult. For 
example, the mean-square normal distance (RL2) of a 
terminally attached chain at  an interacting penetrable 
surface for a chain with excluded volume interactions is 
given by7 

(2 .7)  

(R,') = (d,/d)(R2),f[1 + zSo + (2 / t  - 1)22O + 
(2/tL)(2s0)2 + (*/e2 + 11/2t)z2' + ...I (3.2) 

where we neglect $he second-order cross term zzozso since 
it is nonsingular in either E or el. This contribution does 
not contribute to Our leading order calculation (see ref 6 
and 7 ) .  

Note that (3.2) contains formal poles in both e = 4 - d 
and tL = 2 + d,, - d. In a previous calculation, the special 
case of d,, = 2 (ti = t) is considered where (3.2) reduces 
to 

( R L 2 )  = (dL/d)(R2)o,f[l + 2s '  + 
(2/t - l)zZo + ( 2 / t ) ( ~ , " ) ~  + (-6/t2 + 11/2t)(~2')~ + ...I 

(3.3) 
The RG method then proceeds in a standard fashion,24 
which is schematically reviewed because it becomes a point 
of reference in the generalized method introduced below. 
First, introduce dimensionless coupling constants uso and 
uZo for the polymer-surface and excluded volume inter- 
actions as 

zZo = U ~ O ( ~ T N / L ) ' / ~  (3.4a) 

zso(dli = 2) = U , ~ ( ~ T N / L ) ' / ~  (3.4b) 

where L is an intermediate model variable having the 
dimensions of length. Renormalization constants are then 
introduced for the dimensionless coupling constants u20, 
uso, and the chain length, No: 
uso = usz,*; 2, = 1 + 2U2/€ + 2u,/t + O(u,2,u2us,u22) 

(3.5a) 

~ 2 '  = u~Z,,; Z,, = 1 + + O ( U ~ ~ )  (3.5b) 

No = NZ,*; (3 .5~)  ZN = 1 + 2 ~ 2 / t  + O(uZ2) 

All of the formal singularities are removed when the 
definitions (3.4) and (3.5) are introduced into the expansion 
(3.3). This leads to the remarkably simple result to first 
order ip t: 

(RL2)  = (d,/d)(R2)f(1 + us) + O(t2) (3.6a) 
where us is the "renormalized coupling constant" defined 
in (3.5a) (now a function of the excluded volume) and ( R2)f 
is the end-vector distance for a "free" chain with excluded 
volume. Douglas et al.' argue that (3.6a) should be rew- 
ritten (consistent to order E )  as 
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(RL2) = (d,/d)(R2)t/(l - US) + Otc2) (3.6b) 

which is exact7 for z,O - m and zZo = 0. The Gell- 
Mann-Low p functions are obtained by taking derivatives 
of the renormalization constants and in a standard fashion. 
Douglas et al. obtain to leading order7gZ4 

Pz(u2) = (t/2)uz(l - 8u2/t) (3.7a) 

PS(u2,us) = (t/2)us(1 - 2u5/t - 2 ~ 2 / € )  (3.7b) 

These fixed points are the same as those determined by 
Kosmas6 except that Kosmas' definition of u2* differs from 
ours by a factor of 2. For reference below? the fixed points 
[nontrivial zeros of (3.7a) and (3.7b)J are defined as 
(~z*,u,*) = (0); (0,6/2); (€/g,O); (t/8&/8) (3.8) 

The first fixed point corresponds to Gaussian chains and 
no surface interactions, the second to Gaussian chains with 
strong surface repulsion, the third to chains with strong 
excluded volume and no surface interaction, and the last 
to chains with large excluded volume and surface inter- 
actions. The interactions are assumed to be repulsive only. 
Inserting us* calculated in this way into (3.6b) gives7 the 
limiting values of the dimensionless ratio y R L 2  (RL2)/  
(dL/d)(R2)f as (d = 3, d,, = 2): 

yRL2(uS*=O) = 1 (exact) (3.9a) 

yRL2(Us*=t/2; u,*=o) = 2 (exact) (3.9b) 

(first order in €1 (3 .9~)  
yRL2(U,*=3t/8; ~2*=t /8 )  = 8/5 

4. Perturbative Renormalization 
There is no difficulty in treating multiple €-parameters 

at  the level of perturbative theory if the calculations are 
performed without t-expansion. The problem comes at  the 
level of introducing renormalization constants, where a 
fundamentally new technique is needed. 

Assuming for a moment that a more general renor- 
malization method exists, we can examine the limiting 
situations that such a scheme would have to recover as 
special cases. We can treat the surface interaction problem 
with variable d, and no excluded volume by introducing 
the renormalization constant defined by 

ZU,(u2=O) = 1 + 2uS/tL + ( 2 ~ ~ / t L ) ~  + ... (4.1) 

Both (3.5a) and (4.1) are consistent provided we have the 
double expansion in uS/tL and u2/t. This observation leads 
to 

ZU,(up,us) = 1 + 2u,/tl + 2 ~ 2 / ~  + ... (4.2) 

which is taken for the generalization required by con- 
sistency. Insertion of Zu,(uS/tl,u2/t), defined in this way, 
along with Z,, and 2, leads to (3.5a-c), except that (3.5a) 
is now more generally given by (4.2). 

It  should be evident that the procedure becomes rather 
tricky as we try to go to higher order, since it is not obvious 
whether (nonsingular) dimensional factors should be 
written as a function of t or tL. A t  this point, it is simply 
assumed that this technical matter can be sorted out, and 
as a consequence the proposed method can be presented 
only as a tentative, promising one. The existence of re- 
normalizability and the consistency with conventional 
theory for the limit e = e, put constraints on the inter- 
pretation of the higher order theory in terms of t and e l .  

The definition of the surface interaction Gell-Mann- 
Low function to leading order (see Appendix A) implies 

(4.3) Ps(u2,us) = (t,/2)us[1 - 2U,/E, - 2u,/e,l 
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which has the nontrivial fixed point 
u,*(u,) = u,,o* - u2 + O(t2,c,t); u,,o* = c,/2 (4.4) 

corresponding to the vanishing of 0,. Kosmas and Douglas4 
have obtained the same fixed point condition (4.4) by 
generalizing the alternate “exponentiation technique” 
method of renormalization utilized by Kosmas in his earlier 
calculations for surface (d , ,  = 2) interacting chains with 
excluded volume. It is noted that (4.4) was derived in 
Kosmas and Douglas* from a second-order calculation of 
the partition function within the Kosmas RG formalism, 
while here it is derived from a second-order calculation of 
(R2).  To leading order the excluded volume interaction 
remains “decoupled” from the surface interaction and P2 
and Z,, are independent of us. The function P2 is the 
same  as in (3.7a). The authors believe this will be true 
through all orders in perturbation theory. 

Now, although the introduction of (4.2) seems to provide 
a scheme for cancelling the leading order poles in c and 
e , ,  the final results seem (at first!) rather peculiar. Note 
the u2 term in (4.3) has a pole in c, rather than E as ex- 
pected. It also seems strange that if E, = 0 (corresponding 
to a polymer interacting with a line in three dimensions) 
the fixed point us* is then formally negative. It  is very 
doubtful, however, that a negative fixed point can have any 
physical significance. It is this observation that hints at 
how we should proceed further. 

5. Variable Critical Dimension of Surface 
Interacting Chain with Excluded Volume 

Some insight into the peculiar form of (4.3) can be 
gained by considering another situation where a negative 
fixed point is obtained. For a Gaussian chain (u, = 0) 
interacting with its endpoint ( d , ,  = 0) in three dimensions, 
we formally  have 

US$* = €,/2 = -1/2 (5.la) 

The surface interaction in this instance scales [see (2.311 
as 

z , O  - n-112 (5.lb) 

and in the long-chain limit the surface interaction becomes 
negligible corresponding physically to us* = 0. The oc- 
currence of a negative fixed point in this exactly solvable 
case means that we are above the critical dimension where 
the RG theory is quite meaningless! 

Since us* for perturbed chains does not vanish at  the 
same dimension as it does for Gaussian chains, we are led 
to expect that the critical dimension is i tself  a f unc t ion  
of t h e  excluded volume interaction. The presence of a 
negative fixed point us* is consistent with excluded volume 
lowering the critical dimension. 

An estimate for how the critical dimension shifts may 
be obtained from a scaling argument. Scaling the surface 
interaction by the chain dimensions of a free chain wi th  
excluded volume (R2)f gives 

Multiple-c Perturbation Theory 2415 

A special case of this scaling argument corresponding to 
d ,  = 1 is known as the Bray-Moore conjecture.26 

The scaling argument to obtain (5.4) assumes the pen-  
etrable surface model. Comparison with simulations on 
impenetrable  surfaces and with RG calculations for an 
impenetrable surface indicate that (5.4) is not correct when 
there is excluded volume.27 This should not be too sur- 
prising, since surface impenetrability is equivalent28 to 
having an additional surface interaction that biases the 
chain to lie on one side of the d, ,  = d - 1 hypersurface. 
First-order RG calculations for the penetrable surface’ (d , ,  
= 2) are consistent with (5.4), and simulation data for the 
penetrable surface are also c o n s i ~ t e n t . ~ ~  The crossover 
exponent given by (5.4) is believed to be exact for pen- 
etrable surfaces,28 and it is emphasized that only  penetr-  
able surfaces are being considered here. 

We are now in a position to investigate the origin of the 
(formal) negative fixed point for d ,  = 2 and swollen chains 
in (4.4). I t  is clear that 4, in (5.4) is negative for all u > 
1/2, and the negative fixed point simply arises because of 
a reduction of the surface interaction critical dimension. 
Specifically, the critical dimension may be defined by the 
vanishing of &, and this condition in (5.4) implies that the 
surface interaction critical dimension d,,c is given by 

d,,C = l / u  (swollen chains) (5.5) 

Taking u to have the Flory value for simplicity implies 
d,,c = ( d  + 2)/3 (swollen chains) (5.6) 

The physical origin of the lowering of the surface inter- 
action critical dimension becomes obvious if we consider 
the special case of d = d,, corresponding to a chain in- 
teracting with a point.30 For random walks (Y = l/,) the 
critical dimension is 2, reflecting the well-known property 
that random walks return to the origin (or an arbitrary 
point taken on the chain) with a probability less than unity 
for d > 2. The addition of excluded volume means that 
even in d = 2, the probability of return to a point is di- 
minished. 

6. Introduction of a Variable e,-Parameter 
The preceding discussion on the variability of the surface 

interaction with the fractal dimension31 ( d ,  = l / u )  of the 
coil provides motivation for the definition of an excluded 
volume dependent €,-parameter as 

t,’ E l / u  - d ,  = ( l / u  + dit) - d (6.1) 

which is then introduced into our P function (4.3) and 
“fixed point“ expression (4.4a) to see if we obtain an ex- 
pression that makes more intuitive sense. Inserting the 
definition (6.1) into (4.4a) implies that the fixed point for 
a surface (variable d,) interacting chain with excluded 
volume can be written 

US,$* = c1‘/2 + O(€2,€,’€) (6.2) 

and the P function in terms of (6.1) and (6.2) becomes after 
some simple algebra 

P, = (E,’/2)Us,2[1 - ~,,2/~,,2*1 (6.3) 

Equations 6.3 and 6.2 reduce in an obvious way (e,’ - c,) 
to the exact results for Gaussian chains given in (4.3) and 
(4.4). Our results are now perfectly sensible. The peculiar 
u2/c, term in (4.3) disappears, and spurious negative fixed 
points are not obtained provided we remain above the 
excluded volume-dependent critical dimension 1 / u  + dil. 

7. Theoretical Predictions 
We are now in a position to make numerous concrete 

predictions of our proposed method, which can be tested 

P ~ ( x )  = (d/(R2)r)1’2R,(X) 
with the dimensionless interaction defined as 

2, = (d /27r)d43,0n(  R2)td1I2 (5.3) 
where i S ( z 2 O = 0 )  = z20 as defined in (2.3). For a large 
excluded volume interaction, the mean dimensions scale 
as a power law (R2)f - Z P ,  so that 2, scales as7 

2, - n+*; 6, = 1 - d,u; zZo 2 1 (5.4) 
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against Monte Carlo data and limiting cases solvable by 
standard methods. 

Important dimensionless universal properties y R L 2  and 
y~~ [see (3.911 characterizing the effect of the surface in- 
teraction for a terminally attached chain are given by7 

(7.1) 

[d,, + d 1 / ( 1  - ~ s , z * ) l / d  + @(t2,t,~) (7.2) 

yRL2 = (1 - U,,p*)-l  + O(t2 , t , t )  

YR’ (R2) / (R2)f = 

where u,* is defined by (6.2). The f subscript on (R2)f 
indicates the “free chain” dimensions of a chain with ex- 
cluded volume as above. (7.1) and (7.2) are expected to 
be quite accurate, however, and in fact are exact7 for 
Gaussian chains ( z z o  = 0) and ti  > 0. Using the Flory 
value of u = 3 / ( d  + 2) for simplicity gives for the self- 
avoiding chain and repulsive surface limit: 

Y R ~  = [d,l + d l / { 1  - [ ( d  + 2)/3 + d, ,  - d l / 2 l l / d  (7.3) 

and specializing to d = 3 and d , ,  = 2, corresponding to a 
self-avoiding chain interacting with a plane, yields 

(7.4) 
This is to be compared with earlier predictions using 
standard RG  method^:^^^ 

y R 2 ( ~ , 0  - m ,  zSo - m ;  penetrable surface) = 1.20 
(7.5a) 

y R 2 ( ~ , 0  - m ,  zSo - m ;  impenetrable surface) = 1.18 
(7.5b) 

Setting d , ,  = 2 in (6.2) and expanding to order t imply 
~ , , ~ * ( d , = 2 )  = 3 ~ / 8  + @(e2) (7.6) 

which when inserted in (7.1) and (7.2) exactly recovers the 
results of Douglas et al.7 for a surface interacting chain (d , ,  
= 2) with excluded volume. This is an important con- 
sistency check on our scheme. 

The situation of a polymer interacting with a repulsive 
line (d , ,  = 1) in three dimensions is also interesting. For 
Gaussian chains ( z Z O  = 0), we have = t,/2, which 
formally vanishes in this instance. Actually, the approach 
to the noninteracting free-chain theory occurs rather 
slowly, and the crossover involves log corrections since we 
are at the critical dimension, i.e., = 0. Douglas et al.7 
show that yRL2 is equal (Gaussian chains, d,, = 1; d = 3): 
y R L 2  = 1 + z,/[I  + Z ,  In ( 2 r N / L ) ]  + 

y~~ = 7/6 zz 1.17 

O[lz,/[l + z, In (2xN/L)1l21 (7.7) 

where 2,’ is a renormalized analogue of zso,  which must 
be introduced when working at the critical dimension. The 
1 subscript is regrettably omitted in ref 1 of Douglas et 

interacting 
with a line in three dimensions, the €,’-parameter becomes 
negative, and this simply means that y R 2  = ypL2 = 1 
without  any log corrections. The situation is quite anal- 
ogous to the case of a Gaussian chain (repulsion) inter- 
acting with a point where e ,  is formally negative [see 
(3.la)l and where again yR2 = yRL2 = 1. The larger the 
value of the formally  obtained “negative fixed point”, the 
more rapid an approach to free-chain behavior is expected. 
This can be seen by calculating yRL2 from perturbation 
theory to obtain (Gaussian chains; z2 = 0) 

YR,’ = 1 + (const)zSo; 2,’ - nfL/2 (7.8) 

Instead of the slow log approach to free chain behavior, 
it is approached as a negative power law (proportional to 

a1.7 
For chains with excluded volume ( u  > 
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6,). For a Gaussian polymer interacting with a point in 
three dimensions, for example, we have 

(7.9) 

This result and (7.7) for large N are also given by Rubin 
in his lattice ca1culations.l 

Finally, we remark that the situation of d,, = 1 and d = 
3 for a surface interacting chain with excluded volume is 
quite analogous to the problem of a polymer chain with 
both binary and ternary interaction~.’~J~ In each case, we 
have two interactions with a critical dimension of 4 and 
3, and the standard RG method can be applied as long as 
one of the interactions is restricted to be small (see Ap- 
pendix B). As mentioned above, ternary interaction and 
surface interaction both give log corrections when the 
binary interaction vanishes. It is expected that as the chain 
swells (which has roughly the same effect as increasing the 
dimension of space because of a lower chain density), the 
ternary interaction becomes irrelevant. This would come 
about since the critical dimension of the ternary interaction 
should become reduced as found explicitly in the calcu- 
lation above for the surface interacting chain with excluded 
volume. No log corrections should t h e n  be found for 
swollen chains d u e  t o  ternary interactions in d = 3. It 
should be possible to extend the method described here 
to both binary and ternary interactions where nei ther  is  
restricted t o  be small. However, it is prudent to first check 
the consistency of the proposed scheme to higher order for 
the simpler problem of a surface interacting polymer with 
excluded volume. By “simpler” we refer to the relative ease 
in which perturbation theory is calculated. 

8. Conclusion 
A renormalization group method is proposed for treating 

multiple interactions having differing critical dimensions. 
This method first involves a perturbation expansion in the 
surface and excluded volume interactions about the 
Gaussian reference state, which for vanishing excluded 
volume is just the usual two-parameter perturbation the- 
ory. Since the critical dimensions of the surface interacting 
Gaussian chain and the Gaussian chain with excluded 
volume are not the same, in general (they are for d, ,  = 2, 
however), the perturbation expansion has poles in both ti 
= 2 + d, ,  - d and t = 4 - d (see Appendix C).  This situation 
requires some kind of generalization (see Appendix D) of 
the standard method of renormalization. Here it is as- 
sumed that a double expansion in both tl and t is ap- 
propriate for renormalizing the theory, and no difficulty 
is found working under this assumption to leading order. 
A redefinition of the tI parameter (e,’) for the surface 
interaction is made based on scaling arguments for swollen 
surface interacting chains. Introduction of el’ leads to 
more readily interpretable results. 

In summary, the excluded volume Gell-Mann-Low 
functions pz and 2, are found to be unchanged (to leading 
order) from their “free chain” analogues. The p function 
and fixed point for the surface interaction within the 
multiple-t renormalization scheme are equal: 

PS = ( C L ’ / ~ ) U S , ~ ( ~  - 2 4 , 2 / € 1 ’ )  (&la) 

y R L 2  = 1 + (const)n-1/2 

u,,Z* = t1 ‘ /2  + @(t2, t ’ t l ) ;  t i ’  = l / ~  + dl, - d (8.lb) 

22, = 1 + u2 + O(t2); uz* = t /8  + @(e2)  (8 .1~)  

where the exponent u is a function of the dimensionless 
excluded volume coupling constant u2. For good solvents, 
u can be reasonably approximated by the Flory value u (d  
= 3) = 3/5. The results (8.1a7b) are exact for Gaussian 
chains, and these results are also consistent with the results 
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obtained by Douglas et al.7 for a special case (d,, = 2) where 
the combined excluded volume and surface interactions 
can be treated without ambiguity. 

Some of the numerous predictions of the multiple-t 
theory are described and compared with previous calcu- 
lations. The theoretical results are quite sensible, and the 
method is a promising approach for problems where 
multiple interactions and critical dimensions arise. In a 
polymer theory context, the most important potential 
application of the method is to the combined influence of 
both binary and ternary interaction~,'~J~ where the binary 
interactions is not restricted to be small. 

Finally, it is stressed that although the multiple-cex- 
pansion method presented here seems quite reasonable, 
the treatment to higher orders will certainly be quite 
difficult for a variety of reasons. The perturbation cal- 
culation is more involved, and the interpretation of d- 
dependent factors in terms of t and e, parameters in a 
unique fashion is a delicate issue. Because of these an- 
ticipated difficulties and the additional assumption of 
renormalizability, the results of the scheme described here 
must be considered tentative until the higher order cal- 
culations are performed. 
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Appendix A 

relation7 
The p function 0, is calculated through the standard 
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d,, = 2. In the treatment of ternary interactions it is sim- 
ilarly assumed18J9 that the effective binary interaction 
(here denoted by z Z 0 )  is on the order zZo - O(t3), where 
d = 3 is the critical dimension of the ternary interaction 
and t3 = 3 - d. Taking d,, = 1 in the surface interaction 
model implies E, = t3 [see (2.4)], making the relation be- 
tween the problems even more transparent. 

The perturbation expansion for (R,') in d-dimensions 
for a d,, dimension surface is given in (3.2). Taking dl l  = 
1 restricts us to the regime 2 < d I 3 since t, is negative 
for d > 3. Note that the expansion coefficient of z20 is no 
longer singular in this range of d. Further, the restriction 
z20 - @(e,) (i.e., small) allows us to take Z N  = 1. Intro- 
ducing the renormalization constant Z4 into (3.3) gives [see 
(4.01 

Zu, = 1 + 2u,/t, + O(U,~);  22' - O(t,) (B.l) 

which renormalizes the perturbation expansion for ( R,2) 
under the rather narrow restriction of the near-8 chains 
z20 - @(E*) and 2 < d 5 3. The renormalization constant 
associated with zZo is unity in leading order due to the lack 
of a singular cross term z20z,0. To leading order, the re- 
normalized perturbation theory for (RL2)  [see (3.2)] is 
(R2)  = (d,/d)(R2)o,f[l + C,4d)z2O + us + ...I (B.2a) 

CR4d) = [2/(4 - d)l / [ l  + (4 - 4 / 2 1 ;  

This is rewritten as [see (3.6b)l 
Cp(d=3) = 4/3 (B.2b) 

(R2)  = (d,/d)(R2)f/(1 - us) + 0 ( c L 2 )  (€3.34 

(B.3b) 
where (R2)f  denotes the free-chain dimensions with ex- 
cluded volume. 

The only nontrivial renormalization constant to leading 
order Z, is the same as in the surface interacting Gaussian 
chain theory and the fixed point, and RG analysis to 
leading order in t, is then also identical. Thus we have 
a dimensionless coupling constant as defined in ref 7 as 

(R2)f = (R2)0,f[l + C,~(d)z2" + O(t2')I; 22' - 0 ( c )  

us = u,,o*(z,o/u,,o*)/(l + z,o/u,,o*); 
u,,O* = t1/2; 2,' - @ ( E , )  (B.4) 

The scaling function for (RL2) is obtained by inserting 
(B.4) into (B.3a), yielding 

(RL2) = (d i /d) (R2)f [1  - u,,o*(z,O/u,*)/ 
(1 + Z,~/U,*)]-' + 0 ( t L 2 ) ;  22' - @ ( E , )  (B.5) 

where (R2)f is given by (B.3b). 
In the special case of d,, = 2, the average normal di- 

mensions (RL2)  can be calculated without difficulty7 to 
leading order as 

(RL2) = (d l /d ) (R2) f  1 + 

+ O(2) I (B.6) 
where (RL2)  and (R2)f are not restricted to small ex- 
cluded volume and where the following definitions are 
employed: 

u,*(zZ0) = (t/2)(3A2/4)/[1 - (1 - A2)3/41 (B.7a) 

(B.7b) 

I 
Z , O ( l  + z2"/u2*)-1/4/[u,*(z20)] 

1 + ZS0(1 + z2"/uz*)- '~~/[u,*(z2~)] 
U,*(ZZ0)  

A2 = ( ~ 2 " / ~ 2 * ) / ( 1  + z Z O / U ~ * ) ;  ~ 2 *  = t / S  + O(t2) 

where oso, p20, and No are fixed as constants. The chain 
rule gives 

(A.2) 
a du, a au, p, = L-u O- + L-u O- 

aL s auSo aL a u 2 ~  

and using the relations' [see (3.4)] u20 0~ LtI2 and pso a 
LeJ2 yields 

Introducing the definition (3.5a) of the renormalization 
constant in (A.3) implies 
p, = ( t , / 2 )~ , [ i  + u,o(azuE-~/au,o)/zU,-~ + 

(t/tl)~20(a~,.-l/a~20)/~,I-1~ (-4.4) 
and inserting (4.2) into (A.4) and expanding produce (4.3). 

Appendix B 
It is relatively easy to calculate the scaling functions for 

chains with excluded volume and surface interactions and 
variable surface dimension d,, provided one of the inter- 
actions is kept small. The procedure then parallels the 
approach to 8 point p01ymers'~J~ where the binary in- 
teraction is likewise restricted to be small. Only one t- 
parameter arises in this circumstance. 

Specifically, it is assumed that z20 - O(t,) in the surface 
interaction problem, and it  is also assumed that d,, # 2 
to avoid an "accidental degeneracy" c, = t occurring for 
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For vanishing zZo the excluded volume dependent fixed 
point us*(zzo) approaches us,o* in (B.4) so that (B.6) and 
(B.5) are consistent in this limit. 

The treatment of ternary and binary interactions is quite 
analogous to the case of combined surface and excluded 
volume. In terms of the binary i2 and ternary interaction 
variables 23  (the circumflex indicates that the effective 
interaction is shifted by a ternary contribution)l8Jg the 
mean-square end-to-end vector distance id8 

(R') = (R2)o,f[l + C p ( d ) i Z ( l  + Z3°/U3*)-4/11 - 
1.90U3*(23"/U3*)/(1 + z~O/U~*)] ;  22 - O(t3) (B.8) 

where t3 = 3 - d ,  u3* = t3/&r + C(t:) and d < 3. The 
variables &(l + z~O/U~*)-~/"  and z30/u3* are denoted as 
p and x, respectively, in Cherayil et al." log corrections 
are obtained as d - 3 just as in (7.7). The correction term 
to z 2  with the -4111 exponent in (B.8) arises from the 
nonsingular cross term Z223O I t 3  in the perturbation ex- 
pansion for (R2) in iz and z ~ O ,  which is analogous to (3.3). 

Appendix C 
Another situation where there are two critical dimen- 

sions corresponds to a polymer interacting with a plane 
surface (d , ,  = 2) having a line defect (a scratch, say) where 
the interaction strength on the line defect is different than 
the polymer-plane interaction. The Hamiltonian for this 
system is then 

? f / K B T  = so + z ~ , ~ ~ ~ ~ ~ ~ ~  dx s [ r , ( x ) ] ( 2 ~ ) ( ~ - ~ ) / ~  + 1 
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surface interaction and e , .  In principle, the end-vector 
distribution function of surface interacting chain can be 
obtained following the methods of Douglas et who 
calculate some of its moments exactly for the full range 
of surface interaction. This provides another avenue for 
testing the multiple-t approach introduced in this paper. 

References and Notes 

where r, (x) and F,(x) are the projections of r(x) normal 
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